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Abstract
Fluid flows play a central role in scientific and technological development, and many of
these flows are characterized by a dominant oscillation, such as the vortex shedding in the
wake of nearly all transportation vehicles. The ability to control vortex shedding is critical to
improve the aerodynamic performance of these unsteady fluid flow systems. This goal requires
precise characterization of how perturbations affect the long-time phase of the oscillatory flow,
as well as the ability to control transient behaviors. In this work, we develop an energy-efficient
flow control strategy to rapidly alter the oscillation phase of time-periodic fluid flows, lever-
aging theory developed for periodic biological systems. First, we perform a phase-sensitivity
analysis to construct a reduced-order model for the response of the flow oscillation to impul-
sive control inputs at various phases. Next, we introduce two control strategies for real-time
phase control based on the phase-sensitivity function: 1) optimal phase control, obtained by
solving the Euler-Lagrange equations as a two-point boundary value problem, and 2) model-
predictive control (MPC). Our approach is demonstrated for two unsteady flow systems, the
incompressible laminar flow past a circular cylinder and the flow past an airfoil. We show that
effective phase control may be achieved with several actuation strategies, including blowing
and rotary control. Moreover, our control approach uses realistic measurements of the lift force
on the body, rather than requiring high-dimensional measurements of the full flow field.
1 Introduction
Periodic fluid flows are ubiquitous, for example in tidal flows, pulsatile flow of blood, rotating
flows in turbomachines and engines, and vortex shedding in the wake of transportation vehicles.
Controlling fluid flows [6, 10, 35], and periodic vortex shedding specifically [14], has remained a
significant engineering challenge, with tremendous potential impact for industry and technology.
Despite the challenges of flow control, researchers have long been inspired and encouraged by
the exceptional performance of biological flyers and swimmers that take advantage of unsteady
aerodynamics for phenomenal maneuverability in a range of flow conditions [15, 18, 21, 58, 64,
76]. To achieve this performance, even in high-amplitude gusting conditions, the animal must
sense the flow and adjust its wings or fins in real-time [63]. For instance, Dickinson et al. [18]
suggested that regulating the phase of wing rotation effectively controls the aerodynamic forces
during maneuvers. The wing motion is, in turn, regulated by modifying the activation phase of the
associated muscles [17], which involves precise timing modulation [67]. Inspired by these natural
systems, there are ongoing efforts to develop simple yet robust control laws for engineering flows.
Most engineering systems rely on steady or quasi-steady analysis, for which well-established
controllers can be designed and implemented within comfortably predefined ranges of uncer-
tainty and perturbations [35]. However, linearizing the flow about a steady state is often inade-
quate to precisely control large-amplitude flow oscillations and unsteadiness [6]. At the moment,
there are few studies that perform control of flows with large unsteady fluctuations, due to the
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challenges of high-dimensionality, strong nonlinearity, and time-delays [10, 11]. One of the main
approaches for analyzing perturbation dynamics about time-varying periodic base flows is Flo-
quet analysis [5, 25]. The transient instabilities in these time-varying flows can also be described
using optimally time-dependent modes [3], which can then be leveraged for flow control [8].
Phase-reduction analysis [39, 54] provides a complementary approach to Floquet theory, en-
abling a description of the phase of a dynamical system comprised of interacting nonlinear oscil-
lators. Phase-reduction analysis has a rich history, especially in neuroscience [9, 61], dating back
to the works of Kuramoto [38], Malkin [41] and Winfree [75]. The analysis identifies a set of points
in phase space that result in oscillations having the same phase, called isochrons [24]. Similarly,
amplitude reduction identifies a set of points that converge to the same trajectory, called isosta-
bles [74]. These isochrons and isostables are eigenfunctions of the infinite-dimensional Koopman
operator [36, 44, 45]. Techniques for amplitude-phase reduction can also be extended to analyze
transient responses far from the stable limit-cycle dynamics [62] and to build network models [52].
Further, these amplitude-phase response models have been widely used for control in the context
of neuronal dynamics and circadian rhythms [19]. One such effort develops a closed-loop ap-
proach to tune deep brain stimulation to suppress essential tremors [26]. Our work leverages
phase-based analysis and control to manipulate the transient behavior in unsteady fluid flows.
Transient flow control is a challenging problem due to the fundamental difficulty in (i) pre-
cisely characterizing the response to actuation due to the nonlinear, high-dimensional nature of
the underlying physics, and (ii) developing control strategies over a time scale commensurate with
variations in the flow. Phase reduction analysis alleviates the former concern as it characterizes
the effect of perturbations on the phase dynamics of oscillatory systems. The analysis is especially
suitable for high-dimensional systems as it can collapse the full-state dynamics to a phase-based
representation in a single scalar variable. The collective phase description of spatially extended
systems, such as oscillatory convection, was first introduced in the works of Kawamura & Nakao
[33] and Kawamura & Nakao [34]. More recently, Taira & Nakao [70] used a phase-reduction ap-
proach to analyze synchronization of perturbation dynamics about time-varying base states for
unsteady wake flows. Using this approach, the conditions for synchronization (lock-on) to ex-
ternal excitation were determined [51]. Such a phase-reduced representation of the flow physics
forms the basis of the analysis in this work. Instead of determining the lock-on conditions, we
deduce the optimal external excitation to achieve transient control of periodic fluid flows.
In this work, we demonstrate the ability to perform rapid, energy-efficient control of highly
unsteady periodic flows using phase-sensitivity analysis. In particular, we leverage recent devel-
opments in variational methods to determine phase-based optimal control inputs that alter the
transient behavior (synaptic activation time) of spiking neurons [47, 49], extending them to enable
high-dimensional transient flow control. We demonstrate our approach on several relevant flow
systems, including the illustrative Stuart-Landau oscillator model, and the canonical flow exam-
ples of laminar flow past a cylinder and flow over an airfoil. In each example, we demonstrate
the robustness of the proposed approach, as well as the ability to incorporate physically realis-
tic measurements and actuation strategies. Based on the phase-reduction analysis, we introduce
two control optimization strategies, based on the Euler-Lagrange equations and model predictive
control. This formulation enables the real-time control of the phase of vortex shedding, including
prescribing the desired time of vortex pinch-off. The ability to modify the phase dynamics of time-
varying vortical flows can accelerate or decelerate the associated vortex shedding process [28, 56],
which in turn affects the unsteady aerodynamic forces. Thus, we have provided a useful frame-
work for transient control in oscillatory fluid flows, enabling the manipulation of aerodynamic
characteristics in a time frame that is faster than the characteristic time of the flow oscillation.
2
2 Formulation
Our overarching goal is to characterize and control the phase of oscillatory fluid systems, which
may be described as a dynamical system of the form
q˙ = N(q) + f , (1)
where q is the oscillatory variable and f is the external forcing or control input. The fluid flows in
this paper are governed by the non-dimensional, incompressible, forced Navier-Stokes equation
∂q
∂t
= −q · ∇q +∇p+ 1
Re
∇2q︸ ︷︷ ︸
N(q(x,t))
+f(x, t), ∇ · q = 0, (2)
where q = q(x, t) is the velocity field, defined over a spatial coordinate x and time t, p is the pres-
sure, Re is the Reynolds number, and f = f(x, t) is the external forcing (actuation). It is common
to represent the flow field discretely over a high-resolution spatial domain, resulting in a high-
dimensional flow state q whose evolution is described by a system of coupled nonlinear ordinary
differential equations. In these high-dimensional fluid flow systems, the oscillatory variable and
forcing both depend on space and time. For unforced flows, f = 0.
A large class of high-dimensional unsteady fluid flows have time-periodic behavior
q(x, t) = q(x, t+ T ), (3)
where T is the period of the flow q and ωn = 2pi/T is the corresponding natural frequency of
oscillation. We focus on such time-periodic unsteady fluid flows in this work.
Many flow systems are oscillatory because of periodic excitation, such as when the regular
flapping of a bird’s wings establishes a periodically varying flow field. In this case, it is possible to
write the forcing as f(x, t) = f(x, sin(ωnt)) + f ′(x, t), where f(x, sin(ωnt)) is the periodic forcing
and f ′ is the actuation that we have control over. For notational simplicity, we will subsume any
external periodic forcing f into the nonlinear dynamics in (1) and consider f to represent our
actuation.
This work designs an energy-optimal forcing f(x, t) to control the oscillatory phase of time-
periodic fluid flows. Our work is inspired by two threads of prior work: phase-reduction analysis
for high-dimensional fluid flows [70] and energy-optimal phase control for neuronal systems [47].
Combining these approaches results in a strategy for energy-optimal phase control of unsteady
fluid flows, summarized in Figure 1. The overall procedure is carried out in two stages as follows:
1. Phase-reduction analysis: Following the work of Taira & Nakao [70], we extend phase-
reduction analysis [54] to describe the high-dimensional behavior of periodic wake flows.
The high-dimensional, unsteady fluid flow governed by Eq. (2) is reduced to a phase-based
representation. This stage requires (a) introducing perturbations to the flow at various
phases of oscillation, (b) tracking the effect of these perturbations compared to baseline oscil-
lations, and (c) constructing a reduced-order model described by the phase-sensitivity func-
tion. The phase-based reduced-order model describes the phase dynamics of oscillations in
the unsteady fluid flow system. This modeling procedure is explained in more detail in §2.1.
2. Optimal phase control: In this stage, we extend the optimal control strategy developed
by Moehlis et al. [47] to high-dimensional systems, such as fluid flows. In particular, we
alter the characteristic phases of unsteady fluid flow systems on a timescale that is com-
mensurate with the characteristic flow timescale. This characteristic time corresponds to the
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(a) Flow perturbation
<latexit sha1_base64="xjW Fz7GoBoKwb6+E1ilQBo3YT4I=">AAAB/nicbVBNSwMxEJ2tX 7V+VcWTl2AR6qXs1oMei4J4rGA/oF1KNs22odlkSbJKWQr+FS 8eFPHq7/DmvzFt96CtDwYe780wMy+IOdPGdb+d3Mrq2vpGfr Owtb2zu1fcP2hqmShCG0RyqdoB1pQzQRuGGU7bsaI4CjhtBaP rqd96oEozKe7NOKZ+hAeChYxgY6Ve8aiMz9ANl48opsokKsj 0kltxZ0DLxMtICTLUe8Wvbl+SJKLCEI617nhubPwUK8MIp5NC N9E0xmSEB7RjqcAR1X46O3+CTq3SR6FUtoRBM/X3RIojrcdR YDsjbIZ60ZuK/3mdxISXfspEnBgqyHxRmHBkJJpmgfpMUWL42 BJMFLO3IjLEChNjEyvYELzFl5dJs1rxzivVu2qpdpXFkYdjOI EyeHABNbiFOjSAQArP8ApvzpPz4rw7H/PWnJPNHMIfOJ8/bb uVKA==</latexit>
(b) Perturbation tracking
<latexit sha1_base64="bjZWbwbHsH/tt1ixYP+59bnFRsU =">AAACAnicbVA9SwNBEN3zM8avUyuxWQxCbMJdLLQM2lhGMB+QHGFvM0mW7O0du3NCCMHGv2JjoYitv8LOf+MmuUITHww83p vZnXlhIoVBz/t2VlbX1jc2c1v57Z3dvX334LBu4lRzqPFYxroZMgNSKKihQAnNRAOLQgmNcHgz9RsPoI2I1T2OEggi1leiJzh DK3Xc42J4TqugMdXhTKKoGR8K1e+4Ba/kzUCXiZ+RAslQ7bhf7W7M0wgUcsmMaflegsGYaRRcwiTfTg0k9m3Wh5alikVggvHs hAk9s0qX9mJtSyGdqb8nxiwyZhSFtjNiODCL3lT8z2ul2LsKxkIlKYLi8496qaQY02ketCs0cJQjSxjXwu5K+YDZDNCmlrch+ IsnL5N6ueRflMp35ULlOosjR07IKSkSn1ySCrklVVIjnDySZ/JK3pwn58V5dz7mrStONnNE/sD5/AGWf5bs</latexit>
(c) Phase sensitivity
function
<latexit sha1_base64="Y1Q2SNhYdcRuwnPrdwAig7NAxIs=">AAACJnicbVDLSsNAFJ34rPFVdelmsAi6KUld6EYQ3bisYK vQhDK5uWkHJ5MwMxFK6Ne48VfcuKiIuPNTnD4EXwcGDufcc4d7olxwbTzv3ZmbX1hcWq6suKtr6xub1a3tts4KBdiCTGTqNmIaBZfYMtwIvM0VsjQSeBPdXYz9m3tUmmfy2gxyDFPWkzzhwIyVutXTIMIelyWgNKiG7gEc0mbfLqQapeaG33MzoEHgJoWEccQN UMZf491qzat7E9C/xJ+RGpmh2a2OgjiDIrVxEEzrju/lJiyZMhwEDt2g0JgzuGM97FgqWYo6LCdnDum+VWKaZMo+aehE/Z4oWar1II3sZMpMX//2xuJ/XqcwyUlYcpkXBiVMP0oKQU1Gx53RmCsEIwaWMFC2FKDQZ4qB7UC7tgT/98l/SbtR94/qjatG7ex8Vk eF7JI9ckB8ckzOyCVpkhYB8kCeyIi8OI/Os/PqvE1H55xZZof8gPPxCc+ZpgE=</latexit>
eˆy
<latexit sha1_base64="a9pen OTF7fOnu2VV2Y1KhimHKuI=">AAAB8HicbVBNS8NAEN3Ur1q/qh69L BbBU0mqoMeiF48V7Ie0oWy203bpbhJ2J0II/RVePCji1Z/jzX/jts1 BWx8MPN6bYWZeEEth0HW/ncLa+sbmVnG7tLO7t39QPjxqmSjRHJo8k pHuBMyAFCE0UaCETqyBqUBCO5jczvz2E2gjovAB0xh8xUahGArO0Eq PvTHDDKb9tF+uuFV3DrpKvJxUSI5Gv/zVG0Q8URAil8yYrufG6GdMo +ASpqVeYiBmfMJG0LU0ZAqMn80PntIzqwzoMNK2QqRz9fdExpQxqQp sp2I4NsveTPzP6yY4vPYzEcYJQsgXi4aJpBjR2fd0IDRwlKkljGthb 6V8zDTjaDMq2RC85ZdXSatW9S6qtfvLSv0mj6NITsgpOSceuSJ1ckc apEk4UeSZvJI3RzsvzrvzsWgtOPnMMfkD5/MHLFaQpg==</latexit >
✏I = h(x) (t  t0)
<latexit sha1_base64="V14w 54QL3Unu/R10VTlH4Z8h6qQ=">AAACMHicbVDLSgMxFM34tr6qL t0Ei1AXlhkVdCOILtSdglWhU0omc2tDM8mQ3BHLMJ/kxk/RjYIib v0K09qFrwMhJ+fcS+49USqFRd9/9kZGx8YnJqemSzOzc/ML5cWl C6szw6HOtdTmKmIWpFBQR4ESrlIDLIkkXEbdw75/eQPGCq3OsZd CM2HXSrQFZ+ikVvkohNQKqRUNIy1j20vclZ8UdO+H0Cmq35+3xT oNY5DIqriBLX+dtsoVv+YPQP+SYEgqZIjTVvkhjDXPElDIJbO2E fgpNnNmUHAJRSnMLKSMd9k1NBxVLAHbzAcLF3TNKTFta+OOQjpQv 3fkLLH9UV1lwrBjf3t98T+vkWF7t5kLlWYIin991M4kRU376dFY GOAoe44wboSblfIOM4yjy7jkQgh+r/yXXGzWgq3a5tl2Zf9gGMc UWSGrpEoCskP2yTE5JXXCyR15JC/k1bv3nrw37/2rdMQb9iyTH/ A+PgELUKoe</latexit>
(d) Control design
<latexit sha1_base64="Ohw YSveuhkr/e+exSwsrWCGlE0Q=">AAAB+3icbVA9TwJBEJ3DL 8QvxNJmIzHBhtxhoSWRxhITARO4kL29Pdiwt3vZ3TOSC3/Fxk JjbP0jdv4bF7hCwZdM8vLeTGbmBQln2rjut1PY2Nza3inulv b2Dw6PyseVrpapIrRDJJfqIcCaciZoxzDD6UOiKI4DTnvBpDX 3e49UaSbFvZkm1I/xSLCIEWysNCxXauEFaklhlOQopJqNrFh 16+4CaJ14OalCjvaw/DUIJUljKgzhWOu+5ybGz7AyjHA6Kw1S TRNMJnhE+5YKHFPtZ4vbZ+jcKiGKpLIlDFqovycyHGs9jQPb GWMz1qveXPzP66cmuvYzJpLUUEGWi6KUIyPRPAgUMkWJ4VNLM FHM3orIGCtMjI2rZEPwVl9eJ91G3busN+4a1eZNHkcRTuEMau DBFTThFtrQAQJP8Ayv8ObMnBfn3flYthacfOYE/sD5/AHfdZ Ox</latexit>
(e) Control implementation
<latexit sha1_base64="0/IkMzgMeOtAqx9+GaYZom2w/Fs =">AAACA3icbVDLSgMxFM3UV62vqjvdBItQN2WmLnRZ7MZlBfuAdiiZ9LYNzSRDkhHKUHDjr7hxoYhbf8Kdf2OmnYW2HrhwOO fe5N4TRJxp47rfTm5tfWNzK79d2Nnd2z8oHh61tIwVhSaVXKpOQDRwJqBpmOHQiRSQMODQDib11G8/gNJMinszjcAPyUiwIaP EWKlfPCnDBa5LYZTkmIURhxCEycySW3HnwKvEy0gJZWj0i1+9gaRx+gDlROuu50bGT4gyjHKYFXqxhojQCRlB11JBQtB+Mr9h hs+tMsBDqWwJg+fq74mEhFpPw8B2hsSM9bKXiv953dgMr/2EiSg2IOjio2HMsZE4DQQPmAJq+NQSQhWzu2I6JopQY2Mr2BC85 ZNXSata8S4r1btqqXaTxZFHp+gMlZGHrlAN3aIGaiKKHtEzekVvzpPz4rw7H4vWnJPNHKM/cD5/AHlKl24=</latexit>
Transient response
<latexit sha1_base64="PfP+U903kcTuBxWZQKjCwGHlJCE=">AAAB+3icbVC7TsMwFL3hWcorlJHFokJiqpIywFjBwlikvqQ2qhz3prXqOJHtIKqq v8LCAEKs/Agbf4PbZoCWI1k6Oude+/iEqeDaeN63s7G5tb2zW9gr7h8cHh27J6WWTjLFsMkSkahOSDUKLrFpuBHYSRXSOBTYDsd3c7/9iErzRDbMJMUgpkPJI86osVLfLTUUlZqjNEShThOpse+WvYq3AFknfk7KkKPed796g4Rlsb2ECap11/dSE0ypMpwJnBV7mcaUsjEdYtdSSWPUwXSRfUYurDIgUaLssS EW6u+NKY21nsShnYypGelVby7+53UzE90EUy7TzKBky4eiTBCTkHkRZMAVMiMmllCmuM1K2Igqyoytq2hL8Fe/vE5a1Yp/Vak+VMu127yOApzBOVyCD9dQg3uoQxMYPMEzvMKbM3NenHfnYzm64eQ7p/AHzucPYrOUqA==</latexit>
Steady-state response
<latexit sha1_base64="PHHVO929YZMpGqUac1QYDZL3WmU=">AAAB/nicbVDLSgNBEJyNrxhfUfHkZTAIXgy78aDHoBePEc0DkhBmJ73JkNnZZaZXWJa Av+LFgyJe/Q5v/o2Tx0ETCxqKqm66u/xYCoOu++3kVlbX1jfym4Wt7Z3dveL+QcNEieZQ55GMdMtnBqRQUEeBElqxBhb6Epr+6GbiNx9BGxGpB0xj6IZsoEQgOEMr9YpH9wisn54bZAhUg4kjZaBXLLlldwq6TLw5KZE5ar3iV6cf8SQEhVwyY9qeG2M3YxoFlzAudBIDMeMjNoC2pYqFYLrZ9PwxPbVKnwaRtqWQTtXf ExkLjUlD33aGDIdm0ZuI/3ntBIOrbiZUnCAoPlsUJJJiRCdZ0L7QwFGmljCuhb2V8iHTjKNNrGBD8BZfXiaNStm7KFfuKqXq9TyOPDkmJ+SMeOSSVMktqZE64SQjz+SVvDlPzovz7nzMWnPOfOaQ/IHz+QNqXJXG</latexit>
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f(x, t) = h(x)u(t)
<latexit sha1_base64="72F8lgtg1ONetlRA54ADPVKYmUg="> AAACL3icbVDLSgMxFM3UV62vUZdugkVpQcpMFXQjFAVxWcE+oB1KJs20oZkHyR2xDP0jN/5KNyKKuPUvzLRd1NYDISfnnkvuPW4kuA LLejcyK6tr6xvZzdzW9s7unrl/UFdhLCmr0VCEsukSxQQPWA04CNaMJCO+K1jDHdym9cYTk4qHwSMMI+b4pBdwj1MCWuqYd203FF019 PWVeKPC/PN5dAZFfHqN58X+oqcYF6DYMfNWyZoALxN7RvJohmrHHLe7IY19FgAVRKmWbUXgJEQCp4KNcu1YsYjQAemxlqYB8Zlyksm +I3yilS72QqlPAHiiznckxFfpfNrpE+irxVoq/ldrxeBdOQkPohhYQKcfebHAEOI0PNzlklEQQ00IlVzPimmfSEJBR5zTIdiLKy+Ter lkn5fKDxf5ys0sjiw6QseogGx0iSroHlVRDVH0gsboA30ar8ab8WV8T60ZY9ZziP7A+PkFYpaqdA==</latexit>
Baseline
<latexit sha1_base64="dnnz7AHzez4d6JMKu0Ca+zVe8x4=">AAAB73icbVC7SgNBFL0bXzG+opY2g0GwCrux0DLExjKCeUCyhNnJbDJkd naduSuEJT9hY6GIrb9j5984SbbQxAMDh3PuYe49QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M79zhPXRsTqAacJ9yM6UiIUjKKVuo08OihX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gyx74xcW GVIwljbp5As1N+JjEbGTKPATkYUx2bVm4v/eb0Uwxs/EypJkSu2/ChMJcGYzI8nQ6E5Qzm1hDIt7K6EjammDG1FJVuCt3ryOmnXqt5VtXZfq9QbeR1FOINzuAQPrqEOd9CEFjCQ8Ayv8OY8Oi/Ou/OxHC04eeYU/sD5/AH/L4/v</latexit>
Perturbed
<latexit sha1_base64="XM8xcX8+cv57lAuWJCEjiOULsgg=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4Kkk96LHoxWMF+yFtKJvNpF26m4Tdj VBCf4UXD4p49ed489+4bXPQ1gcDj/dmmJkXpIJr47rfztr6xubWdmmnvLu3f3BYOTpu6yRTDFssEYnqBlSj4DG2DDcCu6lCKgOBnWB8O/M7T6g0T+IHM0nRl3QY84gzaqz02ERlMhVgOKhU3Zo7B1klXkGqUKA5qHz1w4RlEmPDBNW657mp8XOqDGcCp+V+pjGlbEyH2LM0phK1n88PnpJzq4QkSpSt2 JC5+nsip1LriQxsp6RmpJe9mfif18tMdO3nPE4zgzFbLIoyQUxCZt+TkCtkRkwsoUxxeythI6ooMzajsg3BW355lbTrNe+yVr+vVxs3RRwlOIUzuAAPrqABd9CEFjCQ8Ayv8OYo58V5dz4WrWtOMXMCf+B8/gD5c5CD</latexit>
t
<latexit sha1_base64="btWuKJH9/rrCxCKL5tGKBdwWU5A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+ O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ipp16reRbXWvKzUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeX RenHfnY9FacPKZY/gD5/MH4XeM/A==</latexit>
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4✓⇤Baseline<latexit sha1_base64="dnnz7AHzez4d6JMKu0Ca+zVe8x4=">AAAB73icbVC7SgNBFL0bXzG+opY2g0GwCrux0DLExjKCeUCyhNnJbDJkdnadu SuEJT9hY6GIrb9j5984SbbQxAMDh3PuYe49QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M79zhPXRsTqAacJ9yM6UiIUjKKVuo08OihX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gyx74xcWGVIwljbp5As1 N+JjEbGTKPATkYUx2bVm4v/eb0Uwxs/EypJkSu2/ChMJcGYzI8nQ6E5Qzm1hDIt7K6EjammDG1FJVuCt3ryOmnXqt5VtXZfq9QbeR1FOINzuAQPrqEOd9CEFjCQ8Ayv8OY8Oi/Ou/OxHC04eeYU/sD5/AH/L4/v</latexit>
Controlled
<latexit sha1_base64="CCAsVaQlTclUUC+O5XdY8hYo5CA=">AAAB8XicdVBNSwMxEM36WetX1aOXYBE8ld1Wab0Ve/FYwX5gu5RsNtuGZpMlmRVK6 b/w4kERr/4bb/4b03YFFX0w8Hhvhpl5QSK4Adf9cFZW19Y3NnNb+e2d3b39wsFh26hUU9aiSijdDYhhgkvWAg6CdRPNSBwI1gnGjbnfuWfacCVvYZIwPyZDySNOCVjprqEkaCUECweFolu6rHoXNRe7JXeBOanWKt459jKliDI0B4X3fqhoGjMJVBBjep6bgD8lGjgVbJbvp4YlhI7JkPUslSRmxp8uLp7hU6uEOF LalgS8UL9PTElszCQObGdMYGR+e3PxL6+XQlTzp1wmKTBJl4uiVGBQeP4+DrlmFMTEEkI1t7diOiKaULAh5W0IX5/i/0m7XPIqpfJNuVi/yuLIoWN0gs6Qh6qojq5RE7UQRRI9oCf07Bjn0XlxXpetK042c4R+wHn7BA4vkSs=</latexit>
t
<latexit sha1_base64="btWuKJH9/rrCxCKL5tGKBdwWU5A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqo MeiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo 1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ipp16reRbXWvKzUb/I4inACp 3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4XeM/A==</latexit>
t
<latexit sha1_base64="btWuKJH9/rrCxCKL5tGKBdwWU5A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqo MeiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo 1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ipp16reRbXWvKzUb/I4inACp 3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4XeM/A==</latexit>
CL
<latexit sha1_base64="SIzAGAg2cdVOFJ8GWanvoTm0Deo=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioGUwjYVFRPMByRH2NnP Jkr29Y3dPCCE/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaCUW3mt55QaR7LRzNO0I/oQPKQM2qs9FDr3fWKJbfszkFWiZeREmSo94pf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ ZnzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQmv/QmXSWpQssWiMBXExGT2N+lzhcyIsSWUKW5vJWxIFWXGplOwIXjLL6+SZqXsXZQr95el6k0WRx5O4BTOwYMrqMIt1KEBDAbwDK/w5gjnxXl3PhatOSebOYY/cD5/AOUdjYo=</latexit>
CL
<latexit sha1_base64="SIzAGAg2cdVOFJ8GWanvoTm0Deo=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioGUwjYVFRPMByRH2NnP Jkr29Y3dPCCE/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaCUW3mt55QaR7LRzNO0I/oQPKQM2qs9FDr3fWKJbfszkFWiZeREmSo94pf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ ZnzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQmv/QmXSWpQssWiMBXExGT2N+lzhcyIsSWUKW5vJWxIFWXGplOwIXjLL6+SZqXsXZQr95el6k0WRx5O4BTOwYMrqMIt1KEBDAbwDK/w5gjnxXl3PhatOSebOYY/cD5/AOUdjYo=</latexit>
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<latexit sha1_base64="P3ZVzCW4XekCqgvr1o9TeOX7M9o=">AAAB9HicbVA9SwNBEN3zM8avqKXNYhCswl0UtAymsbCIYD4 gOcLeZi5Zsrd37s4FQsjvsLFQxNYfY+e/cZNcoYkPBh7vzTAzL0ikMOi6387a+sbm1nZuJ7+7t39wWDg6bpg41RzqPJaxbgXMgBQK6ihQQivRwKJAQjMYVmd+cwTaiFg94jgBP2J9JULBGVrJ76AWTPUl0Gr3vlsouiV3DrpKvIwUSYZat/DV6cU8jUAhl8yYtuc m6E+YRsElTPOd1EDC+JD1oW2pYhEYfzI/ekrPrdKjYaxtKaRz9ffEhEXGjKPAdkYMB2bZm4n/ee0Uwxt/IlSSIii+WBSmkmJMZwnQntDAUY4tYVwLeyvlA6YZR5tT3obgLb+8ShrlkndZKj9cFSu3WRw5ckrOyAXxyDWpkDtSI3XCyRN5Jq/kzRk5L86787FoXXO ymRPyB87nDz88kcA=</latexit>
4✓
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Figure 1: Overview of phase reduction analysis: (a) Introduction of impulse flow perturbation,
(b) baseline and perturbed lift coefficient trajectories (left: phase portrait of oscillations in C˙L - CL
plane, right: time history) and (c) phase sensitivity function Z(θ). Overview of energy-optimal
phase control: (d) Design of optimal control input u(t) for desired phase shift4θ and (e) controlled
flow with the forcing f(t), (f) transient and steady-state response of lift coefficient on application
of control.
natural shedding frequency in unsteady bluff-body flows. This stage includes (d) an optimal
open-loop control design strategy using the Euler-Lagrange equations to determine the con-
trol input required for desired phase alteration of the flow, (e) implementation of the control
law in the unsteady fluid flow, and (f) evaluation of the transient and steady-state control
performance along with the associated flow physics. The open-loop control forcing is de-
signed offline using the phase-reduced model and is then introduced to the flow; however,
it is also possible to use the reduced-order model for real-time feedback control with model
predictive control. This optimal phase control procedure is described in detail in §2.2.
Before we describe the formulation for controlling oscillatory phase in detail, we outline some
of the goals and objectives of this work. In terms of the methodology, we extend the optimal
phase-based control formulation of Moehlis et al. [47] to high-dimensional dynamical systems, in
particular, for unsteady fluid flows. An alternative closed-loop model predictive control strategy
is also proposed. Some of the specific physics-based objectives are to (i) achieve a transient phase
shift in unsteady fluid flow oscillations by a desired amount after implementation of control, (ii)
explore the changes in the maximum lift coefficient in the immediate transient after application of
control for varying phase alterations, (iii) examine the asymptotic phase shift achieved in steady-
state, long after the control is switched off, and (iv) investigate the implications of phase control
on the vortex formation and shedding process.
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2.1 Phase-reduction analysis
We first apply phase-reduction analysis [37, 39] to a general class of time-periodic dynamical sys-
tems, given by Eq. (1). The phase of the time-periodic solution q of the unforced system, with
frequency ωn, is given by
θ˙(t) = ωn, θ ∈ [−pi, pi], (4)
where θ is the phase of the limit-cycle oscillation. The single scalar phase variable θ describes the
oscillatory behavior of q. Solutions q near the limit cycle will all have frequency ωn, although they
will have different phases, given by the scalar field Θ(q), with dynamics given by
Θ˙(q) = ∇qΘ(q) · q˙ = ∇qΘ(q) ·N(q) = ωn. (5)
The level sets of the phase function Θ(q) constitute the isochron coordinates, which are directly
perpendicular to∇qΘ(q) [24].
To deduce the phase-reduction of the full system given by Eq. (1), we consider the introduc-
tion of small perturbations to the system at characteristic phases θ such that f(x, t) = I(x, t) =
h(x)δ(t− t0), where  1, h(x) is a spatial mode with ‖h‖ = 1, and δ is a unit-area delta function
centered at the time t0 ∈ [0, T ) when q is at phase θ. Ignoring the higher-order effects we obtain
Θ˙(q) = ∇qΘ(q) · q˙ = ∇qΘ(q) · [N(q) + f ] = ωn + ∇qΘ(q) · h︸ ︷︷ ︸
g(θ,)
δ(t− t0). (6)
Including higher-order effects is related to center-manifold reduction, as discussed in Kuramoto
& Nakao [39]. We can measure the asymptotic phase shift along the limit cycle for each perturbed
initial phase θ to compute the phase sensitivity function Z(θ) as
Z(θ) = lim→0
g(θ, )

= ∇qΘ(q)|θ · h. (7)
Here, g(θ, ) is the difference in the phase of baseline and perturbed trajectories at steady-state.
Note that there are alternative approaches to compute the phase sensitivity function Z(θ). One
approach is to solve an associated adjoint problem to Eq. (6) with Malkin’s normalization condi-
tion [9]. Global isochrons can also be computed using the method of Fourier averages [42, 43].
Once the phase sensitivity function is determined, the phase dynamics of the dynamical sys-
tem can be approximated linearly through the phase-reduced model
θ˙(t) = ωn +Z(θ) · f = ωn + Z(θ)δ(t− t0). (8)
Now, we apply this phase-reduction analysis to high-dimensional dynamical systems gov-
erned by Eq. (2) [70]. Using the phase-reduction analysis described above, we can simplify the
high-dimensional dynamics associated with periodic flows by introducing a phase coordinate θ
that parameterizes the periodic behavior of q(x, t). Thus, the high-dimensional dynamics may be
mapped to a low-dimensional representation of a phase coordinate θ via a phase function Θ(q). To
evaluate Z(θ) given an actuation strategy with spatial mode h(x), we introduce small impulsive
perturbations to the flow of the form,
I(x, t) := h(x)δ(t− t0) = h(x) 1√
2piσ
exp
[
−1
2
(
t− t0
σ
)2]
, (9)
where h(x) is the spatial profile of perturbation, and t0 corresponds to the time at a particular
phase of the flow θ(t0) when the impulse is introduced. For all cases considered, σ = 104t, where
4t is the numerical time step. The spatial profile depend on the type of actuation considered.
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Tracking these added perturbations to the high-dimensional flow system, we obtain the in-
finitesimal phase sensitivity function Z(θ) in Eq. (7), evaluated at each perturbed initial phase.
The phase sensitivity function characterizes the effect of external perturbations on the phase of
the periodic limit-cycle orbit. Instead of tracking the entire high-dimensional flow field (q), time-
series data from sensor measurements can be used. In the case of unsteady time-periodic bluff
body flows, we utilize the lift coefficient (CL) to provide an accurate representation of the phase
characteristics of the flow [40, 70, 72]. The lift and drag coefficients are defined as
CL =
Flift
1
2ρU
2∞l
, CD =
Fdrag
1
2ρU
2∞l
(10)
where Flift and Fdrag are the lift and drag forces on the body, ρ is the density, U∞ is the free stream
velocity and l is the characteristic length scale. Once, the phase-sensitivity function is obtained,
we can formulate the reduced-order model in Eq. (8), which describes the phase evolution of
infinitesimal perturbations on the flow.
A summary of the phase reduction analysis is outlined in Figure 1 (top panel). First, impulse
response simulations are performed by introducing perturbations to the flow through our actu-
ators. We explore several actuation strategies, including blowing/suction, rotation and pitching
of the body. For illustration, we show one such strategy using blowing/suction actuation for the
cylinder flow in Figure 1(a). Once the actuation strategy is determined, the evolution of the lift
coefficient is tracked in the C˙L - CL plane, as in Figure 1(b). The phase coordinate θ can be eas-
ily defined in this plane. We show the baseline limit cycle trajectories (in black) as well as the
perturbed trajectories in blue. The impulsive perturbation is introduced at θi. We measure the
asymptotic phase shift g(θ, ) by comparing the baseline and perturbed lift trajectories. Repeating
the impulse response analysis for every θ, we can compute the phase sensitivity function using
Eq. (7), as seen in Figure 1(c). As this method only requires the perturbed trajectories at steady-
state compared to the baseline, the phase sensitivity function can be obtained in experiments as
well [72]. For Z(θ) > 0, phase delay in the perturbed trajectories is observed, i.e., the phase of
the perturbed trajectories lag the baseline flow trajectories. For Z(θ) < 0, phase advancement is
observed with the perturbed trajectories leading the baseline trajectories in phase.
2.2 Energy-optimal phase control
In the previous section, we derived a reduced-order model to describe the phase dynamics of
high-dimensional unsteady fluid flows. In this section, we manipulate these phase dynamics to
advance or delay the phase of flow oscillation. We emphasize that the present control strategy
aims to rapidly change the phase of the flow oscillations within a time scale commensurate with
the characteristic time of flow oscillation T , rather than asymptotic phase control.
Our specific goal is to determine the optimal forcing input f(x, t) in Eq. (2) to shift the phase
of oscillation by a desired amount 4θ within a single period of oscillation T . This objective may
be formulated as modifying the period of the first oscillation to be T ∗ = T + 4θ/ωn. After this
first period, we turn off the control, and the flow returns to its original period, but with a fixed
phase difference4θ. The phase shift is given by4θ = ωn(T ∗ − T ), so a phase delay corresponds
to T ∗ < T and a phase advance corresponds to T ∗ > T .
The control signal will use the same actuation strategy as the perturbations in Eq. (9), with
spatial forcing h, but with a non-impulsive control magnitude u(t): Thus, the forcing input added
to the unsteady fluid flow is given by
f(x, t) =
{
h(x)u(t) if 0 ≤ t < T ∗
0 if t ≥ T ∗. (11)
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Here, the control signal u(t) can take arbitrary shape as opposed to the impulsive perturbation
considered above. Moreover, we are interested in the control signal u(t) that minimizes the overall
energy input to the high-dimensional fluid flow system, while achieving the desired phase control.
For a specified time T ∗, and for all control inputs u(t) which evolve from θ(0) = 0 to θ(T ∗) = 2pi,
we seek the control signal that minimizes a cost function [47] of the form,
C[u(t)] =
∫ T ∗
0
{
[u(t)]2 + λ(t)[θ˙(t)− ωn −Z(θ)u(t)]
}
dt, (12)
where λ(t) is the Lagrange multiplier that enforces the system dynamics θ˙(t) = ωn+Z(θ)u(t). The
phase delay4θ is automatically enforced by the boundary conditions.
To minimize the cost function C[u(t)], we apply the calculus of variations [47–49] and solve the
associated Euler-Lagrange equations given by,
u(t) =
λ(t)Z(θ(t))
2
, θ˙ = ωn +
λ(t)[Z(θ)]2
2
, λ˙ = − [λ(t)]
2Z(θ)
2
d
dθ
Z(θ) (13)
subject to initial and final conditions for phase, i.e., θ(0) = 0 and θ(T ∗) = 2pi. This constitutes
a two-point boundary value problem in the phase coordinate θ(t). Given the phase sensitivity
functionZ(θ) and its gradient dZ(θ)/dθ, Eq. (13) can be solved to deduce the optimal control input
u(t) for a desired phase shift 4θ. If λ is approximately constant, the control strategy is directly
proportional to the phase sensitivity function, which is related to opposition control [23, 65].
In addition to the initial condition for phase, we also need the initial condition for the Lagrange
multiplier λ(0) to solve Eq. (13). The appropriate initial condition can be found by a shooting
method. Using the converged initial conditions, the optimal control signal u(t) can be deduced.
We can then compute the optimal forcing input given by Eq. (11) which is subsequently added to
the Navier-Stokes equation in Eq. (2) to achieve the desired phase shift.
A summary of this phase control strategy is shown in Figure 1 (bottom panel). Here, for a
desired phase shift 4θ, the phase sensitivity function and its gradient are utilized to deduce the
optimal control input u(t) minimizing the cost function C[u(t)], as shown in Figure 1(d). The
control forcing is then added to the Navier-Stokes equation as shown in Figure 1(e) after which
the transient and steady-state control performance is evaluated, as in Figure 1(f).
An alternative to the phase control strategy described above is to use model predictive control
(MPC) [22, 50] based on the phase response model. Instead of solving the Euler-Lagrange equa-
tions, an optimal control problem can be solved in real-time over a receding horizon subject to the
imposed system constraints. The procedure for MPC-based phase-optimal control is described in
the appendix. Using a simple example, we aim to show the connections between the feedback
law derived using MPC and that of the energy-optimal phase control strategy described earlier
in this section. The energy-optimal control strategy provides us with an intuition regarding the
nature of the optimal control input by directly relating it to the phase sensitivity function. MPC
does not provide such an intuitive connection, and obtaining an effective control law requires tun-
ing of state and input weights. However, noise robustness and the ability to include constraints
make MPC an attractive alternative strategy for phase control of fluid flows. This robustness is
especially for systems that have stochastic disturbances and slowly varying parameters, as MPC
is able to correct for model uncertainty through sensor feedback. Throughout this work, we pri-
marily use the optimal control design based on the Euler-Lagrange equations, due to its simplicity
and effectiveness. This approach is also compared to MPC on a simple example in the next section,
showing that performance is comparable.
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Figure 2: Summary of the examples considered in this work for optimal phase control: (a) Stuart-
Landau oscillator, (b) unsteady flow over a cylinder at Re = 100 with rotary and blowing/suction
(x-direction) actuation, (c) unsteady two-dimensional flow over an airfoil at Re = 1000 and angle
of attack of α = 9◦ with blowing/suction actuation.
3 Results
We demonstrate the phase-based flow control strategy on three example systems as summarized
in Figure 2. First, we investigate a Stuart-Landau oscillator, where the phase sensitivity function
can be computed analytically. We then demonstrate the phase reduction analysis and optimal
control on a canonical flow over a cylinder. Here, we explore two actuation strategies, one using
rotary actuation and the other using momentum injection. Finally, we implement optimal phase
control on a two-dimensional flow past an airfoil using blowing/suction that is normal to the flow.
3.1 Stuart-Landau equation
We begin with a simple motivating example, given by the Stuart-Landau (SL) oscillator
dA
dt
= a0A− a1A|A|2 + σξ(t) + Re[f(t)], (14)
where A(t) = x(t) + iy(t) is the complex amplitude, f(t) is the forcing, and ξ(t) = ξx(t) + iξy(t) is
independent and identically distributed Gaussian white noise with unit variance and strength σ.
For σ > 0, the SL equation exhibits stochastic dynamics. We use a stochastic Runga-Kutta solver
to integrate the dynamics [32].
The Stuart-Landau equation was initially used to study the nonlinear instability of plane
Poiseuille flow [68] and was later extended for weakly nonlinear stability analysis of cylinder
wakes and open cavity flows [66]. Bagheri [4] showed that the leading Koopman eigenfunctions
of the cylinder flow can be constructed using these coordinates.
In Cartesian coordinates, we obtain the well-known Hopf normal form, given by
dx
dt
= µx− ωy − (x2 + y2)(x− βy) + σξx(t) + f(t), (15a)
dy
dt
= ωy + µx− (x2 + y2)(βx+ y) + σξy(t), (15b)
where, a0 = µ + iω and a1 = 1 + iβ. Here, f(t) is the forcing added in the x-direction (for phase
control). We set µ = 0.1, ω = 1 and β = 1. The time step for numerical integration is 4t = 0.01.
The radial amplitude is given by r =
√
x2 + y2. For the case with no noise, the radial amplitude is
constant, r(t) = r0, with a period of oscillation T = 6.98. The phase coordinate on the limit-cycle
is θ = tan−1(y/x). The phase sensitivity function for forcing in the x-direction can be constructed
analytically [46] as
Z(θ) =
β√
µ
cos θ − 1√
µ
sin θ. (16)
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Figure 3: Overview of phase-reduction and optimal phase control for a Stuart-Landau oscillator:
(a) Baseline trajectories; (b) analytical phase-sensitivity function and optimal control design for
desired phase shifts of −2pi/5 ≤ 4θ ≤ 2pi/5; (c) phase coordinate dynamics; (d) dynamics of the
Lagrange multiplier; and (e) the optimal control input from the Euler-Lagrange equations.
This phase-sensitivity function only depends on the system parameters and the phase coordinate.
The baseline trajectories and the phase sensitivity function for this example are shown in Fig-
ure 3. A maximum phase delay is observed around θ = pi/5, while a maximum phase advance is
observed around θ = 6pi/5. We can also deduce its gradient analytically from Eq. (16). With this
information, we are able to design an optimal phase controller, as described in §2.2.
We consider a range of phase shifts so that −2pi/5 ≤ 4θ ≤ 2pi/5. A phase advance of
4θ = −2pi/5 corresponds to T ∗/T = 0.8 and a phase delay of4θ = 2pi/5 corresponds to T ∗/T =
1.2. The phase coordinate θ(t), corresponding Lagrange multiplier λ(t), and the optimal control
input u(t) obtained by solving the associated Euler-Lagrange equations in Eq. (13) are shown in
Figure 3(c), (d) and (e), respectively. The color of the lines correspond to the varying values of
desired phase shift. As described before, the initial condition λ(0) is obtained by performing a
shooting method. The converged initial conditions fall in the range −0.026 ≤ λ(0) ≤ 0.0525. For
phase advance (negative phase shifts), λ(t) > 0, while for phase delays (positive phase shift),
λ(t) < 0. The baseline phase is shown by the solid black line.
We also notice the correspondence between the phase sensitivity function and the optimal
control inputs u(t) in Figure 3(b) and Figure 3(e), respectively. The shape of the control input
closely follows that of the phase sensitivity function, especially for phase advance (negative phase
shifts). For phase delay (positive phase shift), the control input follows the opposite trend of the
phase sensitivity function. This is intuitive as the control input opposes any phase advances in the
model by adding an opposite control force.
We implement the optimal control law f(t) = u(t) in the SL system in Eq. (15). Control simu-
lations are performed with no noise (σ = 0) and with stochastic dynamics (σ = 0.05) for extreme
phase shifts of 4θ = ±2pi/5. The control input u(t), control trajectories y(t), and the radial am-
plitude r(t) =
√
x2 + y2 for the baseline SL oscillator and the stochastic SL oscillator are shown
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Optimal phase control
(Euler-Lagrange equation)
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Figure 4: Optimal phase control (using Euler Lagrange equation) of Stuart-Landau oscillator with
(a) no noise (σ = 0) and (b) stochastic dynamics σ = 0.05. Model-predictive control of Stuart-
Landau oscillator with (c) no noise (σ = 0) and (d) stochastic dynamics σ = 0.05. For each case,
the control input u(t), trajectory y(t) and radial amplitude r(t) are shown.
in Figures 4(a) and (b), respectively. For the baseline SL oscillator, the prescribed phase shift
is achieved in the immediate transient (within T ∗) for both the control cases corresponding to
4θ = −2pi/5 and 4θ = 2pi/5. This phase shift is also observed in the asymptotic behavior. For
the stochastic system, shown in Figure 4(b), the prescribed phase shifts are consistently achieved
with control. This demonstrates the robustness of the control technique to stochastic disturbances.
However, the phase shifts are not maintained asymptotically after the control is switched off.
When the control is on, along with the phase shift, we also notice an amplitude modulation in
the trajectories of y(t). For phase delay, an increase in the amplitude is observed while for phase
advance, a decrease in the amplitude is observed. These changes in the amplitude by performing
optimal phase control are clearly visible in r(t) as well.
Additionally, we perform real-time phase control using MPC, as discussed in the Appendix.
The prediction and control horizons are fixed at nc = np = 8, and we also fix Q = 5, R = 1, R4u =
100. The results using MPC are shown in Figure 4(c) and (d). The MPC and energy-optimal results
are remarkably similar. The variation in the control inputs follow similar trends for both control
cases and responses are almost identical.
The phase optimal control strategy not only helps to advance and delay phase, but it also
appropriately modulates the amplitude characteristics. In the following examples, we will see the
implications of optimal phase control applied to unsteady fluid flows.
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3.2 Laminar flow over a cylinder
We now demonstrate our phase control approach on the canonical two-dimensional, incompress-
ible flow past a circular cylinder [55] at Reynolds number of Re = U∞d/ν = 100, where U∞ is the
free stream velocity, d is the cylinder diameter and ν is the kinematic viscosity. Direct numerical
simulations (DNS) are performed using the immersed boundary projection method [13, 31] with
a computational grid extending over (x/d, y/d) ∈ [−31, 33]× [−32, 32]. A multi-domain technique
is utilized with smallest spatial resolution of 4x/d = 4y/d = 0.02. The simulation time step is
4t = 0.005. Details of the simulation and validation can be found in Taira & Colonius [69].
The baseline flow exhibits periodic vortex shedding in the cylinder wake with shedding fre-
quency of ωn = 2pifnU∞/d = 1.03 (characteristic time T = 2pi/ωn = 6.1). In this flow, we will
explore two different actuation strategies, first using rotary actuation (§ 3.2.1) and then using mo-
mentum injection (§ 3.2.2). Before we introduce perturbations for phase-reduction analysis or
forcing input for phase-based control, we need to develop the actuation strategies.
3.2.1 Rotary actuation
In this section, we achieve phase control of the unsteady cylinder flow by rotating the cylinder as
our actuation. Unlike the previous example of the SL oscillator, the phase-sensitivity function for
this high-dimensional fluid flow cannot be deduced analytically. We follow the phase-reduction
approach outlined in §2.1 to construct the phase sensitivity function. To introduce perturbations,
we impulsively rotate the cylinder in the counter-clockwise direction, as in Eq. (9).
For reference, we show the baseline lift fluctuation over a period of oscillation in Figure 5(a),
which resembles the baseline trajectory of the Stuart-Landau oscillator. Multiple direct numerical
simulations are performed by introducing weak rotary perturbations ( = 0.1) at various phases
θ. We then compute the asymptotic phase difference between the perturbed lift with respect to
the baseline after 15 periods of oscillation, resulting in the phase sensitivity function Z(θ) using
Eq. (7). We show the phase sensitivity function for perturbation size of  = 0.1 in Figure 5(b). For
verification, we perform a similar analysis with a perturbation size of  = 0.2, and both sensitivity
functions are nearly identical. Generally, phase delay is observed for phases corresponding to
CL > 0 and phase advance is observed for CL < 0. The gradient of phase sensitivity dZ(θ)/dθ is
shown in Figure 5(c). Larger gradients are observed at zero crossings of the lift curve.
Using the phase sensitivity function and its gradient, we are equipped to compute the optimal
control input u(t) for phase alteration of unsteady flow oscillations. We consider a range of desired
phase shifts −2pi/5 ≤ 4θ ≤ 2pi/5, which correspond to 0.8T ≤ T ∗ ≤ 1.2T . Solving the Euler-
Lagrange equations in Eq. (13), the control inputs for this range of phase shifts are shown in
Figure 5(d). As in the previous example, for phase advance (negative phase shift) the control input
follows a similar trend to that of the phase sensitivity function, while for phase delay (positive
phase shift) the control input follows the opposite trend. For positive phase shift, the control
input opposes any phase advance in the sensitivity function. The inset in Figure 5(d) shows the
cost function C[u(t)] from Eq. (12) corresponding to the different phase shifts. As expected, lower
cost is associated with smaller phase shifts. The cost for negative phase shifts is higher than for
positive phase shifts, as the magnitude of input is larger.
With the control input, we can determine the corresponding forcing to add to the Navier-
Stokes equations, given by Eq. (11). We perform direct numerical simulations with the optimal
forcing for each case, and the control forcing is switched off after t = T ∗. The lift coefficients for the
controlled simulations are shown in Figure 5(e). The baseline lift coefficient is shown in black. For
all control cases, immediately after the application of control, the desired phase shift is achieved.
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<latexit sha1_base64="H7UX1bsUGSqNR+asY4tJlCzSa8M=">AAA B7XicbVBNSwMxEJ2tX7V+VT16CRbBi3W3VfRY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6t b+Q3C1vbO7t7xf2DppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywup36rSeqNJPiwYxj6kd4IFjICDZWap51Y3Z+2SuW3LI7A1omXkZKkKHeK 351+5IkERWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LBY6o9tPZtRN0YpU+CqWyJQyaqb8nUhxpPY4C2xlhM9SL3lT8z+skJrz2UybixFBB5o vChCMj0fR11GeKEsPHlmCimL0VkSFWmBgbUMGG4C2+vEyalbJXLVfuL0q1myyOPBzBMZyCB1dQgzuoQwMIPMIzvMKbI50X5935mLfmnGzmEP 7A+fwBnxaOgA==</latexit>
2⇡/5
<latexit sha1_base64="qKr2joP5sEA8kAbI046CgRun4m0=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EiyCp7pbFT0WvXisYD+gXUo2zbax2 WRJskJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MOFMG8/7dgorq2vrG8XN0tb2zu6eu3/Q1DJVhDaI5FK1Q6wpZ4I2DDOcthNFcRxy2gpHt1O/9USVZlI8mHFCgxgPBIsYwcZKzWo3YWeXPbfsVbwZ0DLxc1KGHPWe+9XtS5LGVBjCsdYd30tMkGFlGOF0UuqmmiaYjPCAdiwVOKY6yGbXTtC JVfooksqWMGim/p7IcKz1OA5tZ4zNUC96U/E/r5Oa6DrImEhSQwWZL4pSjoxE09dRnylKDB9bgoli9lZEhlhhYmxAJRuCv/jyMmlWK/55pXp/Ua7d5HEU4QiO4RR8uIIa3EEdGkDgEZ7hFd4c6bw4787HvLXg5DOH8AfO5w+mw46F</latexit>
⇡/5
<latexit sha1_base64="CMOc+js4cPHz7N5X91yyiMMPuxg=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4qklV9Fj04rGCaQttKJvtpl262 YTdiVBKf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ2V1bX1js7BV3N7Z3dsvHRw2TJJpxn2WyES3Qmq4FIr7KFDyVqo5jUPJm+Hwbuo3n7g2IlGPOEp5ENO+EpFgFK3kd1JxftUtld2KOwNZJl5OypCj3i19dXoJy2KukElqTNtzUwzGVKNgkk+KnczwlLIh7fO2pYrG3ATj2bETcmq VHokSbUshmam/J8Y0NmYUh7Yzpjgwi95U/M9rZxjdBGOh0gy5YvNFUSYJJmT6OekJzRnKkSWUaWFvJWxANWVo8ynaELzFl5dJo1rxLirVh8ty7TaPowDHcAJn4ME11OAe6uADAwHP8ApvjnJenHfnY9664uQzR/AHzucPNRWOSQ==</latexit>
0
<latexit sha1_base64="rsPGDo38dCUrLsAt/ftnosrChUA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3az SbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZk DBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPemeMuA==</latexit>
4✓
<latexit sha1_base64="RPtdmqN28ZqbR1VZozqWIFUj5g4=">AAAB+XicbVDLSgNBEJyNrxhfqx69 DAbBU9iNgh6DXjxGMA9IljA76U2GzM4uM72BsORPvHhQxKt/4s2/cfI4aGJBQ1HVTXdXmEph0PO+ncLG5tb2TnG3tLd/cHjkHp80TZJpDg2eyES3Q2ZACgUNFCihnWpgcSihFY7uZ35rDNqIRD3hJIUgZgMlIsE ZWqnnul3UgqmBBNrFISDruWWv4s1B14m/JGWyRL3nfnX7Cc9iUMglM6bjeykGOdMouIRpqZsZSBkfsQF0LFUsBhPk88un9MIqfRol2pZCOld/T+QsNmYSh7YzZjg0q95M/M/rZBjdBrlQaYag+GJRlEmKCZ3FQP tCA0c5sYRxLeytlA+ZZhxtWCUbgr/68jppViv+VaX6eF2u3S3jKJIzck4uiU9uSI08kDppEE7G5Jm8kjcnd16cd+dj0VpwljOn5A+czx+C6pOT</latexit>
0 1 2 3 4 5 6 7
-0.5
0
0.5
0 1 2 3 4 5 6 7
1.2
1.3
1.4
1
t/T
<latexit sha1_base64="bahFXlnCZp2SJ0P2WN1zzgr/ aQo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKe5GQY9BLx4j5gXJEmYns8mQ2dllplcIIZ/gxYMiXv0ib/6Nk2QP mljQUFR1090VJFIYdN1vJ7e2vrG5ld8u7Ozu7R8UD4+aJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3cxvPXFtRKz qOE64H9GBEqFgFK30iBf1XrHklt05yCrxMlKCDLVe8avbj1kacYVMUmM6npugP6EaBZN8WuimhieUjeiAdyxVNOLGn 8xPnZIzq/RJGGtbCslc/T0xoZEx4yiwnRHFoVn2ZuJ/XifF8MafCJWkyBVbLApTSTAms79JX2jOUI4toUwLeythQ6op Q5tOwYbgLb+8SpqVsndZrjxclaq3WRx5OIFTOAcPrqEK91CDBjAYwDO8wpsjnRfn3flYtOacbOYY/sD5/AHy842T</ latexit>
(d)
<latexit sha1_base64="r fnaQVugt7qUimZxKo3ANBt1uoU=">AAAB6nicbVA9TwJ BEJ3DL8Qv1NJmIzHBhtxhoSXRxhKjIAlcyN7eHmzY27v szpkQwk+wsdAYW3+Rnf/GBa5Q8CWTvLw3k5l5QSqFQdf 9dgpr6xubW8Xt0s7u3v5B+fCobZJMM95iiUx0J6CGS6F 4CwVK3kk1p3Eg+WMwupn5j09cG5GoBxyn3I/pQIlIMIp Wuq+G5/1yxa25c5BV4uWkAjma/fJXL0xYFnOFTFJjup6 boj+hGgWTfFrqZYanlI3ogHctVTTmxp/MT52SM6uEJEq 0LYVkrv6emNDYmHEc2M6Y4tAsezPxP6+bYXTlT4RKM+S KLRZFmSSYkNnfJBSaM5RjSyjTwt5K2JBqytCmU7IheMs vr5J2veZd1Op39UrjOo+jCCdwClXw4BIacAtNaAGDATz DK7w50nlx3p2PRWvByWeO4Q+czx+N6I1P</latexit>
(e)
<latexit sha1_base64="6 zvnyXmoe7WNLsZzMjsKXkuKuSM=">AAAB6nicbVA9TwJ BEJ3DL8Qv1NJmIzHBhtxhoSXRxhKjIAlcyN4yBxv29i6 7eybkwk+wsdAYW3+Rnf/GBa5Q8CWTvLw3k5l5QSK4Nq7 77RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZf YMtwI7CQKaRQIfAzGNzP/8QmV5rF8MJME/YgOJQ85o8Z K91U875crbs2dg6wSLycVyNHsl796g5ilEUrDBNW667m J8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCt b0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq 2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/n lVdKu17yLWv2uXmlc53EU4QROoQoeXEIDbqEJLWAwhGd 4hTdHOC/Ou/OxaC04+cwx/IHz+QOPbY1Q</latexit>
(f)
<latexit sha1_base64="0 lumLFAlojfDNSqQX+CCjG81uHk=">AAAB6nicbVA9TwJ BEJ3DL8Qv1NJmIzHBhtxhoSXRxhKjIAlcyN4yBxv29i6 7eybkwk+wsdAYW3+Rnf/GBa5Q8CWTvLw3k5l5QSK4Nq7 77RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZf YMtwI7CQKaRQIfAzGNzP/8QmV5rF8MJME/YgOJQ85o8Z K99XwvF+uuDV3DrJKvJxUIEezX/7qDWKWRigNE1Trruc mxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYax sSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSj ZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOW XV0m7XvMuavW7eqVxncdRhBM4hSp4cAkNuIUmtIDBEJ7 hFd4c4bw4787HorXg5DPH8AfO5w+Q8o1R</latexit>
(b)
<latexit sha1_base64="yI0dAYNUHBiORKH8rABIeg1 71F8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkpSD3osevFYwX5AG8pmu2mX7m7C7kYooX/BiwdFvPqHvPlv3 KQ5aOuDgcd7M8zMC2LOtHHdb6e0sbm1vVPereztHxweVY9PujpKFKEdEvFI9QOsKWeSdgwznPZjRbEIOO0Fs7vM7 z1RpVkkH808pr7AE8lCRrDJpHpwiUbVmttwc6B14hWkBgXao+rXcByRRFBpCMdaDzw3Nn6KlWGE00VlmGgaYzLDE zqwVGJBtZ/mty7QhVXGKIyULWlQrv6eSLHQei4C2ymwmepVLxP/8waJCW/8lMk4MVSS5aIw4chEKHscjZmixPC5J ZgoZm9FZIoVJsbGU7EheKsvr5Nus+FdNZoPzVrrtoijDGdwDnXw4BpacA9t6ACBKTzDK7w5wnlx3p2PZWvJKWZO4 Q+czx/g+Y13</latexit>
Asymptotic phase shift
<latexit sha1_base64="0PJ/TWQKl/xZZn8wwUWTYUMFJTk=">AAAB/3icbVC7TsMwFHXKq5RXAImFxaJCYqqSMsBYYGEsEn1IbVQ5rtNYd ZzIvkGqQgd+hYUBhFj5DTb+BqfNAC1HsnR0zn35+IngGhzn2yqtrK6tb5Q3K1vbO7t79v5BW8epoqxFYxGrrk80E1yyFnAQrJsoRiJfsI4/vsn9zgNTmsfyHiYJ8yIykjzglICRBvbRlZ5ECcTAKU5CMwjrkAcwsKtOzZkBLxO3IFVUoDmwv/rDmKYRk0AF0brnOgl4GVFmsGDTSj/VLCF0T EasZ6gkEdNeNrt/ik+NMsRBrMyTgGfq746MRNqc6ZvKiECoF71c/M/rpRBcehmXSQpM0vmiIBUYYpyHgYdcMQpiYgihiuch0JAoQsFEVjEhuItfXibtes09r9Xv6tXGdRFHGR2jE3SGXHSBGugWNVELUfSIntErerOerBfr3fqYl5asoucQ/YH1+QMao5Yl</latexit>
Phase delay
<latexit sha1_base64="TLsSTe77qSrcw9nFg76r6v+0kpo=">AAAB8nicbVC7TsMwFHXKq5RXgZHFokJiqpIywFjBwlgk+pDSqHIcp7Xq2JF9gxRF/QwWBhBi5WvY+BvcNgO0HM nS0Tn3yPeeMBXcgOt+O5WNza3tnepubW//4PCofnzSMyrTlHWpEkoPQmKY4JJ1gYNgg1QzkoSC9cPp3dzvPzFtuJKPkKcsSMhY8phTAlbyOxObxRETJB/VG27TXQCvE68kDVSiM6p/DSNFs4RJoIIY43tuCkFBNHAq2Kw2zAxLCZ2SMfMtlSRhJigWK8/whVUiHCttnwS8UH8nCpIYkyehnUwITMyqNxf/8/wM4pug4DLNgEm6/CjOBAaF5/fjiGtGQeSWEKq53RXTCdGE gm2pZkvwVk9eJ71W07tqth5ajfZtWUcVnaFzdIk8dI3a6B51UBdRpNAzekVvDjgvzrvzsRytOGXmFP2B8/kD9x2RCg==</latexit>
C
L
<latexit sha1_base64="SIzAGAg2cdVOFJ8GWanvoTm0Deo=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioGUwjYVFRPMByRH2NnPJkr29Y3dPCCE/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaCUW3mt55QaR7LRzNO0I/oQPKQM2qs9FDr3fWKJbfszkFWiZeREmSo94pf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZnzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQmv/QmXSWpQssWiMBXExGT2N+lzhcyIsSWUKW5vJWxIFWXGplOwIXjLL6+SZqXsXZQr95el6k0WRx5O4BTOwYMrqMIt1KEBDAbwDK/w5gjnxXl3PhatOSebOYY/cD5/AOUdjYo=</latexit>
u
(t
)
C
D
2<latexit sha1_base64="jk/1fpohXujb3eq/tOFNvjxoFrw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2Fp oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZy WeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ffW+ Mug==</latexit>
!
<latexit sha1_base64="P0wtQkHC52cDoMTMYG0HsryCmr4=">AAAB/HicbVBLSwMxGMz6rP W12qOXYBE8ld0q6LHoxWMF+4DuUrLZtA3NY0mywrLUv+LFgyJe/SHe/Ddm2z1o60DIMPN9ZDJRwqg2nvftrK1vbG5tV3aqu3v7B4fu0XFXy1Rh0sGSSdWPkCaMCtIx1DDSTxRBPGKkF01vC7/3SJ SmUjyYLCEhR2NBRxQjY6WhWwsiyWKdcXvlgeRkjGZDt+41vDngKvFLUgcl2kP3K4glTjkRBjOk9cD3EhPmSBmKGZlVg1STBOEpGpOBpQJxosN8Hn4Gz6wSw5FU9ggD5+rvjRxxXeSzkxyZiV72Cv E/b5Ca0XWYU5Gkhgi8eGiUMmgkLJqAMVUEG5ZZgrCiNivEE6QQNravqi3BX/7yKuk2G/5Fo3l/WW/dlHVUwAk4BefAB1egBe5AG3QABhl4Bq/gzXlyXpx352MxuuaUOzXwB87nD5J4lV0=</late xit>
(g)
<latexit sha1_base64="2uug3kv25L5WO1uBQB2zGfCz7kg=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmIzHBhtxho SXRxhKjIAlcyN6yd2zY27vszpkQwk+wsdAYW3+Rnf/GBa5Q8CWTvLw3k5l5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCobZJMM95iiUx0J6CGS6F4CwVK3kk1p3Eg+WMwupn5j09cG5GoBxyn3I9ppEQoGEUr3Vej83654tbcOcgq8XJSg RzNfvmrN0hYFnOFTFJjup6boj+hGgWTfFrqZYanlI1oxLuWKhpz40/mp07JmVUGJEy0LYVkrv6emNDYmHEc2M6Y4tAsezPxP6+bYXjlT4RKM+SKLRaFmSSYkNnfZCA0ZyjHllCmhb2VsCHVlKFNp2RD8JZfXiXtes27qNXv6pXGdR5HE U7gFKrgwSU04Baa0AIGETzDK7w50nlx3p2PRWvByWeO4Q+czx+Sd41S</latexit>
0
0.8
1
0.6
0.2
4✓
<latexit sha1_base64="RPtdmqN28ZqbR1VZozqWIFUj5g4=">AAAB+XicbVDLSgNBEJyNrxhfqx69 DAbBU9iNgh6DXjxGMA9IljA76U2GzM4uM72BsORPvHhQxKt/4s2/cfI4aGJBQ1HVTXdXmEph0PO+ncLG5tb2TnG3tLd/cHjkHp80TZJpDg2eyES3Q2ZACgUNFCihnWpgcSihFY7uZ35rDNqIRD3hJIUgZgMlIsE ZWqnnul3UgqmBBNrFISDruWWv4s1B14m/JGWyRL3nfnX7Cc9iUMglM6bjeykGOdMouIRpqZsZSBkfsQF0LFUsBhPk88un9MIqfRol2pZCOld/T+QsNmYSh7YzZjg0q95M/M/rZBjdBrlQaYag+GJRlEmKCZ3FQP tCA0c5sYRxLeytlA+ZZhxtWCUbgr/68jppViv+VaX6eF2u3S3jKJIzck4uiU9uSI08kDppEE7G5Jm8kjcnd16cd+dj0VpwljOn5A+czx+C6pOT</latexit>
 2<latexit sha1_base64="Fu9uhQzyZn5lP7guIms+vr6uxcM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRV0GPRi8cq9gP aUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cF7tlcpuxZ2BLBMvJ2XIUe+Vvrr9mKURSsME1brjuYnxM6oMZwI nxW6qMaFsRAfYsVTSCLWfzS6dkFOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCaz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HCKNgRv8eVl0qxWvItK9f6yXLvJ4yjAMZzAGXhwBTW4gzo0gEEIz/AKb87IeXHenY9564qTzxzBHzifP+a 0jPE=</latexit> 0<latexit sha1_base64="rsPGDo38dCUrLsAt/ftnosrChUA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9 lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDr FrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPemeMuA==</latexit>
(c)
<latexit sha1_base64="GSJR6gkp4UmkVc5TnYAxCEmH+kU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkpSD 3osevFYwX5AG8pmu2mX7m7C7kYooX/BiwdFvPqHvPlv3KQ5aOuDgcd7M8zMC2LOtHHdb6e0sbm1vVPereztHxweVY9PujpKFKEdEvFI9QOsKWeSdgwznPZjRbEIOO0Fs7vM7z1RpVkkH808pr7AE8lCRrDJpDq5RKNqzW24OdA68QpSg wLtUfVrOI5IIqg0hGOtB54bGz/FyjDC6aIyTDSNMZnhCR1YKrGg2k/zWxfowipjFEbKljQoV39PpFhoPReB7RTYTPWql4n/eYPEhDd+ymScGCrJclGYcGQilD2OxkxRYvjcEkwUs7ciMsUKE2PjqdgQvNWX10m32fCuGs2HZq11W8RRh jM4hzp4cA0tuIc2dIDAFJ7hFd4c4bw4787HsrXkFDOn8AfO5w/if414</latexit>
d d
✓
Z
(✓
)
<latexit sha1_base64="JlQo/l2ANRizb4hHq3rdSVwuXEQ=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VoNyWpgi6LblxWsK3YhDKZTNqhkwczN0IJ+QY3/oobF4q4deXOv3HSdqGtB4Y5nHMv997jJYIrsKxvo7Syura+Ud6sbG3v7O6Z+wddFaeSsg6NRSzvPKKY4BHrAAfB7hLJSOgJ1vPGV4Xfe2BS8Ti6hUnC3JAMIx5wSkBLA7PuBJLQzM8zHzswYkBy7Hix8NUk1F92n9dmcn1gVq2GNQVeJvacVNEc7YH55fgxTUMWARVEqb5tJeBmRAKnguUVJ1UsIXRMhqyvaURCptxselKOT7Ti4yCW+kWAp+rvjoyEqlhRV4YERmrRK8T/vH4KwYWb8ShJgUV0NihIBYYYF/lgn0tGQUw0IVRyvSumI6IzAp1iRYdgL568TLrNhn3aaN6cVVuX8zjK6Agdoxqy0TlqoWvURh1E0SN6Rq/ozXgyXox342NWWjLmPYfoD4zPHwxwnlM=</latexit>
C
L
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Figure 5: Overview of phase-reduction and optimal phase control for cylinder flow using rotary
actuation: (a) Lift coefficient (CL) of baseline cylinder flow with respect to the phase coordinate θ,
(b) phase sensitivity function and (c) its gradient (right) for impulse perturbation introduced at an
actuator located near the top separation point in the eˆx direction, (d) energy-optimal control input
needed to shift the phase of oscillation (with associated cost function in inset), (e) lift and (f) drag
characteristics after application of forcing in direct numerical simulations, and (g) instantaneous
flow fields immediately after control is turned off (t = T ∗). The color of the lines correspond to
the cases with desired phase shift4θ with4θ = 0 indicates baseline.
Thus, the flow immediately locks on to the frequency prescribed within characteristic time (one
period). In previous studies, the short-time Fourier transform and a Kalman filter were used to
phase-lock the lift fluctuations with the control signal within 2-3 periods of oscillation [28], while
our controller achieves immediate phase-locking. The desired phase shift is sustained asymptoti-
cally after the control is switched off.
An important consequence of the phase-optimal control strategy is the effect on the amplitude
of lift fluctuations in the immediate transient. We see that for positive phase shifts, the amplitude
of lift fluctuation increases immediately after application of control. For the negative phase shift,
in the first oscillation cycle, the lift amplitude decreases with control. However, we observe a
sharp rise in the lift fluctuation over the baseline in the second oscillation cycle. This increase in
amplitude was not observed in the Stuart-Landau oscillator. Along with the lift coefficient, we
also show the drag coefficient in Figure 5(f). The drag coefficient decreases with positive phase
shifts while it increases with negative phase shifts in the immediate transient. For positive phase
12
shifts, a maximum drag reduction is achieved after the control is switched off. This is evidence
that transient phase control is an effective means for both increasing lift and decreasing drag [1].
Though not shown, the transient phase control may be repeated after the system reaches steady
state, about 6 oscillation cycles later.
To understand the flow physics associated with the transient phase control, we analyze the
instantaneous vorticity fields ω(x, t) at t = T ∗ for the different phase shifts, shown in Figure 5(g).
We can see that for negative phase shifts, the vortex shedding takes place earlier and the length
of the shed vortex is shorter. The size of the shed vortex is proportional to the magnitude of the
desired phase shift. Only once the vortex is shed, we see an increase in the lift fluctuation in the
control cases of negative phase shifts (i.e. after t = T ∗). Thus, one mechanism of enhancing lift is
to shed the vortex earlier.
The other mechanism of increasing lift is to delay the vortex shedding as much as possible,
which is seen in the positive phase shift control cases. In these cases, the vortex shedding is de-
layed, resulting in an elongated vortical structure This stabilizes the recirculation region behind
the cylinder and leads to a drag reduction as well. Note that the cost associated with shedding
a vortex earlier is slightly larger. We argue that for positive phase shifts, the control principle is
similar to that of direct opposition control of vortices in the near wake, as discussed in the work
of Siegel et al. [65] and Gerhard et al. [23]. In these works, direct opposition control of wake struc-
tures with transversal oscillations of the cylinder enable the formation of elongated recirculation
bubbles [56]. Using a control law that opposes any phase advances in the phase-sensitivity func-
tion leads directly to control of vortices in the near wake.
3.2.2 Momentum injection
We now investigate the phase-optimal control technique for another actuation strategy based on
momentum injection, where we add a localized force to the Navier-Stokes equation to mimic a
blowing/suction type actuator. The spatial profile of the actuator h(x) = δ(x − xs) is a Dirac
delta in space, approximated using the three-cell discrete delta function [59]. The actuation is
introduced at the average separation point xs on the upper surface of the cylinder, at an angle of
58.4◦ from the aft separation point and positioned at 34x from the cylinder surface. The actuation
is prescribed in the x-direction. While there is flexibility in choosing the actuation for the proposed
control method, some actuation configurations may be more effective for controlling phase [7, 70].
For reference, the baseline lift is shown in Figure 6(a). Again, the phase sensitivity function
Z(θ) is obtained from impulsive perturbations, as shown in Figure 6(b). The analysis is performed
for perturbation amplitudes of  = 0.01 and 0.05. The phase sensitivity functions are similar for
different perturbation sizes, except near θ = 3pi/5. Compared to the rotary control case, the phase
sensitivity function has a larger magnitude at most characteristic phases. This shows that the flow
is more sensitive to momentum injection than rotary control. The gradient of the phase sensitivity
function is highest around θ = pi, as seen in Figure 6(c).
The phase control inputs to achieve the desired phase shifts using momentum injection are
shown in Figure 6(d). As with rotary actuation, the cost function is larger for negative phase shifts
(shown in inset). However, the cost of momentum injection is an order of magnitude lower. This
is expected because of the increased phase sensitivity in the momentum injection case. We can
also compute the actuation cost with the steady and unsteady momentum coefficients given by
C¯µ =
ρu2jetσ
1
2ρU
2∞d
, C ′µ =
ρu2rmsσ
1
2ρU
2∞d
, (17)
respectively, where σ is the actuator width, given by the grid spacing σ = 4x. The character-
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Figure 6: Overview of phase-reduction and optimal phase control for cylinder flow using mo-
mentum injection: (a) Lift coefficient (CL) of baseline cylinder flow with respect to the phase
coordinate θ, (b) phase sensitivity function and (c) its gradient (right) for impulse perturbation
introduced at an actuator located near the top separation point in the eˆx direction, (d) energy-
optimal control input needed to shift the phase of oscillation (with associated cost function in
inset), (e) lift and (f) drag characteristics after application of forcing in direct numerical simula-
tions, and (g) instantaneous flow fields immediately after control is turned off (t = T ∗). The color
of the lines correspond to the cases with desired phase shift4θ with4θ = 0 indicates baseline.
istic velocities ujet and urms are computed with companion simulations by setting the freestream
velocity to be zero [51]. The steady and unsteady coefficient of momentum for 4θ = −2pi/5 are
C¯µ = 0.0078 and C ′µ = 0.0125, respectively. For4θ = 2pi/5, C¯µ = 0.006 and C ′µ = 0.01.
Incorporating the forcing input in the Navier–Stokes equations, we perform direct numerical
simulations for the varying desired phase shifts. The time history of the lift and drag coefficients
in the controlled simulations are shown in Figure 6(e) and (f), respectively. We see similar control
performance with respect to the transient phase shift, lift fluctuation, and asymptotic phase shift
compared to the rotary actuation case. However, the performance in drag differs slightly. When
the control in on, the drag both increases and decreases with respect to the baseline. When the con-
trol is off, the drag coefficient decreases for positive phase shift and increases slightly for negative
phase shifts. This is consistent with the results from rotary actuation. The (controlled) instanta-
neous vorticity fields at t = T ∗ are shown in Figure 6(g). The characteristic flow physics for the
control based on momentum injection is almost identical to that of rotary actuation. This shows
the consistency of the optimal phase control approach in terms of altering the vortex shedding
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Figure 7: Comparison of control performance for rotary actuation and momentum injection: (a)
Maximum lift coefficient, (b) lift impulse and (c) error in asymptotic phase shift for varying desired
phase shifts.
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Figure 8: Vorticity flux comparison with respect to the baseline for (a) rotary control and (b) mo-
mentum injection.
behavior for different actuation strategies.
We now compare key features of interest for both rotary actuation and momentum injection.
In particular, we investigate the maximum lift coefficient, lift impulse, and the error in asymptotic
phase shift with phase optimal control, as shown in Figure 7(a), (b) and (c), respectively. Lift
impulse is the area under the lift-time curve [72], demonstrating the overall benefit of control in
terms of lift enhancement. With an increase in the phase shift, the maximum lift increases. With
larger phase shifts, the benefit in lift enhancement increases dramatically. However, because of the
considerable amplitude variation, the error in asymptotic phase shift increases with phase shift.
This is expected as the optimal control input is based on infinitesimal phase sensitivity functions
and larger control amplitudes introduce nonlinear effects. Note that there is negligible error in the
immediate transient phase shift. The phase control performance of rotary control is superior to
that of momentum injection from an aerodynamic view point. However, as mentioned before, the
cost associated with rotary control is an order of magnitude higher.
Amitay & Glezer [1, 2] analyzed transients associated with flow reattachment and separation
using pulsed amplitude modulation of a synthetic jet actuator. They observed that shedding of
large vortices and momentary increase in circulation were crucial in terms of achieving the tran-
sient flow attachment. These enhancements were accentuated with actuation frequency close to
the natural frequency of the flow [2, 14]. We similarly investigate flow transients in terms of the
rate of change of circulation to characterize the effect of control given by
dΓ
dt
=
∫
x/d=const
ω(x, t)q(x, t) · eˆxdy (18)
15
where q is the velocity field and ω is the vorticity. We compute the vorticity flux at x/d = 1.2.
The rate of change of circulation in time, for both rotary actuation and momentum injection, are
shown in Figure 8(a) and (b) for extreme phase shifts. The trends are similar to the variation in
the lift coefficient. The instantaneous vorticity flux for positive phase shifts is slightly greater than
that of the baseline in the initial oscillation leading to an immediate increase in lift coefficient. The
time-rate of change of circulation increases dramatically towards the end of the control forcing for
the negative phase shift. This time corresponds to the vortex pinch-off, i.e., when the vortex is
shed. The increase in flux is larger for the rotary actuation, leading to higher control performance
compared to that of momentum injection.
3.3 Flow over an airfoil
Finally, we demonstrate the optimal phase control approach on a two-dimensional, incompress-
ible flow over a NACA0012 airfoil at an angle of attack α = 9◦ with chord-based Reynolds number
Re = 1000. This example is chosen to demonstrate the advanced capabilities of the phase-based
control approach to enhance aerodynamic characteristics of wings in unsteady flow conditions.
The immersed-boundary projection method is used for direct numerical simulation [13]. Five
nested domains are used, with an outermost domain of −16 ≤ x/c ≤ 16,−16 ≤ y/c ≤ 16 and an
inner grid resolution of4x = 0.0055, where c is the chord length. The integration time step is4t =
0.001. The baseline lift coefficient fluctuation is shown in Figure 9(a). The mean lift force is C¯L =
0.3939 and the oscillation frequency is ωn = 2pifnU/c = 7.17, corresponding to a characteristic time
of T = 2pi/ωn. There are three fundamental differences in this high-dimensional flow example
compared to the previous cylinder flow example: (i) the baseline mean lift force is nonzero, (ii) the
harmonics of the natural shedding frequency are stronger and can be observed in the baseline lift
oscillation, and (iii) the flow exhibits both leading-edge and trailing-edge separation.
For phase-reduction and phase optimal control, we use wall-normal momentum injection,
modeled by a localized force added near the average separation point. We then perform the
impulse-response analysis at 25 characteristic phases θ. The difference between the perturbed
trajectories and the baseline fluctuations after 20 time periods of oscillation is assessed to compute
the phase sensitivity function, as shown in Figure 9(b). After introducing the perturbation, the
flow takes more oscillations to reach steady state compared to the cylinder flow. The amplitude of
the perturbation is  = 0.0005. The magnitude of the phase sensitivity function is larger compared
to both actuation cases for the cylinder flow example. The maximum phase advance sensitivity is
observed at the phase corresponding to minimum lift coefficient. Phase delay sensitivity is largest
at phases corresponding to larger lift coefficient. Surprisingly, the phase sensitivity function has
a sinusoidal shape, even for this highly complex flow. The corresponding gradient is shown in
Figure 9(c). The optimal control inputs for a desired phase shift −2pi/5 ≤ 4θ ≤ 2pi/5 are shown
in Figure 9(d). The associated cost of control (shown in inset) is lower than the corresponding cost
of momentum injection for the cylinder flow example. This is expected as the magnitude of the
phase sensitivity function for the airfoil flow is larger. The steady and unsteady coefficient of mo-
mentum for4θ = −2pi/5 are C¯µ = 0.01 and C ′µ = 0.0132, respectively. For4θ = 2pi/5, C¯µ = 0.01
and C ′µ = 0.01.
After applying the optimal forcing input to the Navier–Stokes equations and performing direct
numerical simulations, we examine the fluctuations in the lift coefficient compared to the baseline
for all cases in Figure 9(e). To highlight the variation with respect to the baseline, we separate the
lift fluctuation for negative phase shifts and positive phase shift. We also color the increments in
the fluctuation to further emphasize the changes with control. Similar to the cylinder flow exam-
ple, we achieve an immediate increase in lift for the positive phase shift cases. Immediately after
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Figure 9: Overview of phase-reduction and optimal phase control for flow over an airfoil using
momentum injection: (a) Lift coefficient (CL) of baseline cylinder flow with respect to the phase
coordinate θ, (b) phase sensitivity function and (c) its gradient (right) for impulse perturbation
introduced at an actuator located near the top separation point in the eˆx direction, (d) energy-
optimal control input needed to shift the phase of oscillation (with associated cost function in
inset), (e) lift characteristics after application of forcing in direct numerical simulations for nega-
tive and positive phase shifts (shown separately), and (f) instantaneous flow fields after control is
turned off (t = 2T ∗). The color of the lines correspond to the cases with desired phase shift 4θ
with 4θ = 0 indicates baseline. For visual clarity, the fluctuation in the controlled lift trajectories
are shown as shaded areas relative to the baseline lift coefficient.
control is switched off, we see a rapid increase in lift fluctuation for the negative phase shift cases.
The transient phase shift is exactly as prescribed, indicating that immediate lock-on is obtained
even for this complex flow. We also see that lift fluctuations are higher than the baseline for all
cases for a number of oscillation cycles, even after the control is switched off. Note that although
there are distinct harmonic oscillations in the baseline lift, when control is applied, these harmon-
ics are suppressed until downstream. The work of Joe et al. [28] on an inclined flat plate showed
that larger ranges of negative phase shift in the control signal contributed to lift enhancement,
while sharp decrease in enhancement at positive phase shift regimes were observed. Although
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Figure 10: Evaluation of control performance: (a) Maximum lift coefficient and (b) lift impulse for
varying phase shifts.
there is a preference for negative phase shifts for larger lift enhancement, the current phase con-
trol strategy enables lift enhancement over both positive and negative phase shifts. While not
shown, the drag force decreases during control for both positive and negative phase shifts. When
the control is switched off, the drag force increases due to the nonlinear interaction with the trail-
ing edge vortices, breaking the flow stabilization in the wake.
On observing the characteristic vorticity flow fields associated with the control cases in Fig-
ure 9(f), we see that a leading-edge vortex (LEV) [20, 71] forms earlier for the controlled flow with
negative phase shifts. For positive phase shifts, the roll-up process of the leading edge vortex is
delayed, resulting in a wake elongation. In the negative phase shift cases, the interaction of the
shed LEV with the trailing edge vortex (TEV) results in the high lift after the control is switched
off. These results are consistent with the findings of Darabi & Wygnanski [16] and Colonius &
Williams [14]. Thus, with optimal phase control, we can precisely control the timing of vortex
shedding. We also highlight the maximum lift force and corresponding lift impulse in Figure 10(a)
and (b), respectively. We can clearly see that negative phase shifts are preferred for maximum lift
and lift impulse. A clear benefit in lift impulse for positive phase shifts are only observed for
4θ > pi/10. Thus, phase optimal control is an effective way of increasing transient aerodynamic
performance.
4 Conclusions
In this work, we developed a simple yet robust control strategy to modify the phase of highly
nonlinear, periodic fluid flows. Our control strategy combines phase-amplitude reduction and
optimal phase-based control techniques for high-dimensional unsteady fluid flows. The phase-
reduction technique used here provides a path to concisely describe the phase dynamics of un-
steady fluid flows via a phase sensitivity function, complementing Floquet theory. Importantly,
we show how this description can be used for effective flow control, demonstrating how it can
be used to modify vortex dynamics in the near wake of bluff body flows, and on timescales that
are commensurate with the period of vortex shedding. We consider several example systems, in-
cluding the Stuart-Landau oscillator, the canonical fluid flow past a cylinder, and a highly complex
fluid flow past an airfoil, illustrating the use of this approach for practical tailoring of aerodynamic
responses. Our control strategy requires only measurements of physically attainable observables,
such as lift and drag, and does not require high-dimensional data.
We demonstrate the performance of this phase-based control approach for two high-dimensional
flow systems, the canonical flow over a cylinder and flow over an airfoil. In each system, our con-
18
trol law is only active for around one oscillation cycle, and is highly effective in modifying the
phase of the flow to a desired phase shift. We explore the phase-optimal control strategy for a
range of prescribed phase shifts with respective to the baseline oscillation. Interestingly, two sepa-
rate mechanisms are exploited to achieve lift enhancement for negative and positive phase shifts.
For negative phase shifts, the vortex formation process and shedding is accelerated; once the vor-
tex is shed, we see a transient increase in lift. In contrast, for positive phase shifts, vortex structures
in the wake are elongated, causing an immediate increase in lift. As the wake is elongated and in
turn stabilized, we also achieve a transient drag reduction. Investigating the relationship between
the control forcing and the phase-sensitivity function, we observe that for positive phase shifts,
the control principle is similar to performing direct opposition control to restrict the shedding of
vortex structures.
We propose two control approaches to rapidly and efficiently alter the phase dynamics of
unsteady fluid flows, and comparing these two approaches illuminates some interesting trade-
offs. In the first approach, we solve an offline optimization problem using the Euler-Lagrange
equations and then design the optimal forcing. Since this solution is tied directly to the phase sen-
sitivity function, it is simple, effective, and has an intuitive interpretation. The second approach
involves real-time feedback control using model-predictive control (MPC). For the simple Stuart-
Landau oscillator, the two approaches are remarkably similar. However, we show that the MPC
approach is especially successful in systems with stochastic disturbances and slowly varying pa-
rameters, where MPC produces effective control laws that correct for model uncertainty and are
robust to noise.
This work is mainly focused on controlling the phase of periodic vortex shedding in unsteady
fluid flows, and there is tremendous scope for future work to build on this analysis. Coupling
the current framework with isostable coordinates [73], it will be possible to alter both phase and
amplitude simultaneously for unsteady fluid flows. Extending this work for quasi-periodic and
turbulent flows is an important future direction. The phase-amplitude reduction analysis could
be combined with cluster-based approaches [30, 53] to improve its applicability to aperiodic and
turbulent flows. Further, demonstrating this approach in three-dimensional experimental config-
urations will be critical to its wide adoption. Finally, it may be possible to extend the optimization
procedure described above to a longer horizon, potentially uncovering more favorable control
laws.
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Figure 11: (a) Schematic of model-predictive control (MPC) structure and (b) receding horizon
framework (adapted from Kaiser et al. [29]).
Appendix: Model-predictive control (MPC)
Here, we elaborate on model-predictive control (MPC) [22] for optimal phase control. MPC can be
used to perform real-time feedback control, can incorporate constraints, and has been shown to be
robust to noisy observations. A schematic for MPC is shown in Figure 11 (a). For a problem of in-
terest, there are three key components for MPC: (i) the dynamical system (plant) on which control
is to be performed (in the case of fluids flows, this would be the Navier–Stokes equation, given
by Eq. (2)), (ii) the model used for prediction of the state (or observable), and (iii) the control opti-
mization algorithm used to deduce the real-time optimal control law. We also require knowledge
of a desired reference state to be achieved with control. In the MPC framework, an optimal control
problem is solved over a receding horizon to determine the next control input. The optimization
is repeated at each time step and the control law is updated, as shown in Figure 11 (b).
In the work of Kaiser et al. [29], MPC was combined with several models based on dynamic
mode decomposition (DMD) [57, 60], neural networks [27] and sparse identification of nonlinear
dynamics (SINDy) [12]. Here, we use the phase-reduced model, given by Eq. (8), where f(t) is
the forcing input. For simplicity, at time tj , rj is the reference state, θj is the phase coordinate,
and uj is the control input. Note that for unsteady fluid flows, the forcing is described by Eq. (11).
For phase-based control, the reference r should be T ∗ periodic for a desired phase shift of 4θ =
ωn(T
∗ − T ); thus rj = 2pitj/T ∗. The output of the phase-reduced model is θˆ and the control
optimizer output is uˆ. As shown in Figure 11 (b), the prediction and optimization horizons are
np and nc time steps, respectively. At each step, the control optimization identifies a sequence of
control inputs uˆ = {uˆj+1, uˆj+2, · · · , uˆj+nc} based on predicted phases θˆ = {θˆj+1, θˆj+2, · · · , θˆj+np},
after which uj = uˆj+1 is applied to the plant, and then the procedure is repeated.
The MPC optimization [29] at each time step is given by
min
uˆ
J = min
uˆ
np∑
k=0
||θˆj+k − rj+k||2Q +
nc∑
k=1
(||uˆj+k||2Ru + ||4uˆj+k||2R) (19)
subject to constraints uˆmin ≤ uˆk ≤ uˆmax and 4uˆmin ≤ 4uˆk ≤ 4uˆmax. Here 4uˆk = uˆk − uˆk−1 is
the input rate. We penalize the phase coordinate, control input and its rate. Also, for each term, a
weighted norm is computed ||x||Q = xTQx. The weights are chosen to be positive semi-definite.
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